We calculate, using noncommutative supersymmetric Yang-Mills gauge theory, the part of the spectrum of the toroidally compactified Matrix theory which corresponds to quantized electric fluxes. Our result differs from previous results in the literature but is invariant under the T-duality group of the auxiliary Type II string theory.
In this note we investigate a subset of the spectrum corresponding to electric fluxes of the noncommutative supersymmetric Yang-Mills (NCSYM) gauge theory [1] compactified on a torus. This gives a description of the DLCQ of M-theory [2] compactified on a dual torus. Since the spectrum is invariant under the T-duality group O(d, d |Z), where d is the dimension of the compactification torus, we can first calculate the spectrum in the simplest case which corresponds to a noncommutative supersymmetric Yang-Mills (NCSYM) gauge theory on a trivial bundle. Then we can use a duality transformation to rewrite the result in terms of the defining parameters of a dual theory on a nontrivial bundle. The spectrum we obtain differs from previous results in the literature [3, 4, 5, 6, 7, 8] .
The DLCQ Hamiltonian is inversely proportional to the light-like momentum. This momentum then determines the rank of the Matrix model gauge group. We find a spectrum in which the factor, which in the commutative case reduces to the rank of the gauge group, appears in the numerator rather than the denominator. We will also obtain this result directly by quantizing the free system of collective coordinates of the twisted U(n) theory. After modding out gauge equivalent configurations it is found that the configuration space of these zero modes is a d-dimensional torus T d . Once the size of the torus is known the spectrum can be readily obtained. To match the twisted U(n) spectrum to that obtained by duality the size of this torus has to be smaller than expected. However, we find some non-Abelian gauge transformations which can be used to make further identifications of points on the configuration space such that the correct spectrum is obtained. Throughout this paper we will use the same notation as in [10] .
In [10] it was shown explicitly that the action of a U(n) NCSYM, with magnetic fluxes M ij , can be written as the action of a U(q) NCSYM on a trivial quantum bundle, where q is the greatest common divisor of n and M ij . Thus these two theories must have identical spectra.
The U(n) action [1] is
where we have subtracted the constant part of the magnetic field strength [10] .
In general two NCSYM theories are dual to each other if there exists an element Λ of the duality group SO(d, d |Z) with the block decomposition a
and a corresponding Weyl spinor representation matrix S, such that their defining parameters are related as follows
The last equation was written for the three dimensional case. All the equations in this paper where d is unspecified, are valid for the two and three dimensional case, but some may have to be modified in higher dimensions. For simplicity we consider the case when n and M ij are relatively prime. Then one can find a duality transformation Λ such thatn = 1 andM = 0 as was shown in [10] . We write the fields as a sum of a constant U(1) part and a fluctuating part
Here, the Z i 's are n dimensional matrices which generate the algebra of adjoint sections. For example, in the two dimensional case we have [1, 3, 5, 9, 10] 
where U and V are the clock and shift matrices and Q is a two dimensional matrix which reduces to the identity in the commutative case. Substituting this in the action we obtain
where the dots stand for terms containing only A ′ i . Thus the zero modes decouple, and the action is just that of a free particle
where the mass matrix is given by
In the commutative case the first factor on the right hand side of (3) reduces to n and arises from taking the trace. The origin of this factor in the noncommutative case was discussed in [3, 10] . The corresponding Hamiltonian is then H
where M ij is the inverse mass matrix and P i is the momentum conjugate to A i (0) . Note that P i correspond to zero modes of the electric field.
Before calculating the spectrum of (4) directly, we will use the duality invariance of the spectrum and obtain it by using the simpler dual U(1) theory. We will use prime for all the variables in the U(1) theory. In this case the mass matrix takes the form
Just as in the commutative U(1) supersymmetric gauge theory [11] the zero modes live on a torus. To see this consider the gauge transformations b
These gauge transformations are single valued and leave the trivial transition functions invariant. Under this gauge transformation the connection transforms
. Thus for the zero modes we have the following gauge equivalences A ′ i (0) ∼ A ′ i (0) + δ i j . Note that δ i (j) for j = 1, . . . , d form a basis for a lattice L ′ and the configuration space is R d /L ′ . The conjugate momentum is then quantized
and the spectrum of zero modes is then given by
Using the duality transformations (2) we can express the spectrum in terms of the U(n) parameters
We remind the reader that we use the notation of [10] were the definition of U i differs from [3] Next we consider in more detail the two dimensional case. The parameters of the U(1) and U(n) NCSYM are related by the SO(2, 2 |Z) transformation [10]
where ε is a two dimensional matrix with the only nonvanishing entries given by ε 12 = −ε 21 = 1. In this case (CΘ + D) i j = (n + θm) δ i j and the spectrum is
This result c has an unexpected factor of |n + θm| in the numerator. Comparing to the Hamiltonian for the U(n) theory (4) we see that the factor |n+θm| seems to be in the wrong position. In the DLCQ formulation of M theory this factor is proportional to the kinetic momentum in the compact lightlike direction and is expected to appear in the denominator of the DLCQ Hamiltonian. In fact, in several places in the literature where the spectrum was obtained by assuming U-duality invariance, it was also assumed that this factor is in the denominator not only in the Hamiltonian but also in the spectrum. In what follows we will explain the position of this factor in the spectrum by showing that the configuration space of the zero modes is smaller than expected by a (n + θm) 2 factor. Let us now consider the generators of the adjoint algebra, the Z i 's. These generators satisfy
Besides having the privileged role of generators for the sections of the adjoint bundle, the Z i 's can also be used to perform gauge transformations since they are unitary. We can rewrite (8) as
c Expressed in terms of the string coupling constant of the auxiliary string theory the spectrum takes the simpler form E U(n) = 1 2 g s |n + θm| G kl n k n l .
The right hand side of (9) gives the transformation of the transition functions under the Z i gauge transformation. We see that, just as in the U(1) case where the gauge transformations U ′ i left the transition functions trivial, the Z i 's leave the transition functions invariant. Following the same strategy as in the U(1) case, where we used the U ′ i 's to find the configuration space of the zero modes, we can use here the Z i 's
We have used the matrix H, which was defined in [10] by [∇ i , Z j ] = iH i j Z j . As before we make the identifications A i (0) ∼ A i (0) + H i j and now H i (j) for j = 1, . . . , d form the basis for a lattice L such that the configuration space is R d /L. It follows that the momenta P i conjugate to A i (0) are quantized P i = 2πn j (H −1 ) j i .
In the two dimensional case H i j = (n + θm) −1 δ i j so that the momenta are quantized as follows P i = 2π(n + θm)n i .
Using (10) in the Hamiltonian (4) we find the same result (7) which was obtained using the U(1) theory and the duality relations (2) . In particular the factor |n + θm| is in the numerator. After this work was completed we found that similar results were also obtained by Anatoly Konechny and Albert Schwarz [12] .
